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Abstract 

It  is  shown  that  for  certain  nonlinear  functions  f(u)  solutions  of 
the  Cauchy  problem  for  the  equation 

become  infinite  at  a  finite  value  of  t.  The  number  of  space  dimensions  is 
one,  two  or  three  and  the  initial  data  must  satisfy  appropriate  conditions. 
A  similar  result  is  established  for  the  nonlinear  Euler-Poisson-Darboux 
equation 

for  two  space  variables  and  k  >  1.  The  results  are  based  upon  a  comparison 
theorem  which  enables  us  to  compare  different  solutions  of  the  same  or  of 
related  equations. 
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1.  Introduction 

Consider  the  nonlinear  wave  equation 

For  t  >  0  let  u  be  a  solution  of  (1)  which  satisfies  the  initial  conditions 

(2)  u(x,0)  =  0(x),     0  6  C^2) 

(3)  u^(x,0)  =  T(x),     T  c  C^^^ 

We  will  show  that  for  a  certain  class  of  f-unctions  f(u)  the  solution  u  becomes 
infinite  at  a  finite  value  of  t,  provided  the  initial  data  satisfy  appropriate 
conditions.     In  this  demonstration  the  number  of  space  dimensions  n  is 
restricted  to  be  one,   two  or  three.      The  same  conclusion  will  also  be  deduced 
for  solutions  of  the  nonlinear  Euler-Poisson-Darboux  equation 

for  n  -  2,  k  >  1  and  T  ■  0. 

Tlie  proof  wU.1  oh  oased  upon  a  comparison  theorem  wnich  permits  u.s  to 
compare  certain  pairs  of  solutions  u  and  u'  having  different  initial  data 
and/or  different  functioriS  f(u).  If  u*  is  independent  of  x,  it  can  be  calcu- 
lated explicitly  and  provides  an  explicit  bound  on  u.  For  certain  f(u)  the 
explicit  lower  bound  shows  that  u  becomes  infinite  at  a  finite  value  of  t  which 
can  be  estimated.  This  procedure  is  similar  to  that  which  we  have  used  to  treat 


corresponding  problems  for  certain  nonlinear  elliptic  equations^  ^, 


[2] 


After  the  completion  of  the  present  work  an  abstract  by  P.C,  Rosenbloom 
was  published  in  which  the  same  result  was  stated  for  (1)  with  n  =  1  and  f(u)«u  , 
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It  was  also  stated  that  the  result  holds  for  a  class  of  hyperbolic  equations 
which  was  not  specified.  However  I  have  been  told  by  Prof.  Rosenbloom  that 
his  method  is  the  same  as  the  one  used  here.  Therefore  I  believe  that  his 
results,  which  are  still  unpublished,  must  coincide  with  mine. 

2.  Theorems  and  proofs 

We  begin  by  writing  the  solution  of  (l)-(3)  treating  f(u)  as  the 
inhomogeneous  term  in  the  linear  wave  equation.  The  solution  formvilas  for 
that  case  now  become  the  following  nonlinear  integral  equations  for  n  «  1,  2  and 
3  respectively: 


x+ct  ct  x+p 

(5)  u(x,t)  =  ^  f   Y(5)d4  +  I  kx+ct)  +  0(x-ct)1  +  -^  f  f   f |u(?,t-c"^p)Jd4dp, 


(6)  u(x,t) 


;  r<  ct 


r<  ct 


(7)  u(x,t)  =  ^     j  T(x-Kict)dco  *  1^  jl  jj  0(x-Kict)dco  +  -i^  J  pdp  jjf  [u(x+op,t-c"-'-p)]dfi) 
JX  SI  o       JX. 

In  (6),  r  is  defined  by  r^  =  (x-C)^  +  (7-l?)^»  while  in  (?)  a  denotes  a  unit 
vector  and  dco  denotes  the  area  element  on  the  unit  sphere  XL. 

The  integral  equations  (5)-(7)  can  be  rewritten  in  a  single r  form  if  we 
denote  by  u  (x,t)  the  first  two  terms  on  the  right-hand  side  of  each  equation 
and  by  L  f(u)  the  last  term.  Then  (5)-(7)  become 
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(8)  u  =  u    +  L  f(u). 

The  function  u     is  just  the  solution  of  the  initial-value  problem  when  f  s  0, 
o 

and  the  operator  L  is  a  linear  integral  operator  with  a  positive  kernel.     The 

domain  of  integration  in  L  is  that  part  of  the  retrograde  characteristic  cone 

with  vertex  at  x,t  \*ich  lies  in  the  half-space  t  >  0,     We  will  denote  this 

closed  portion  of  the  cone  by  C(x,t), 

Now  we  can  prove  the 

Comparison  theorem.     Let  u  be  a  solution  of  (l)-(3)  in  one,   two 

or  three  space  dimensions  and  let  u'  be  another  solution  with 

f,  0',  1'    in  place  of  f,  0,  T.     Suppose  that  f(u)  >  f'(u') 

whenever  u  >  u'.     If  u     >  u'   in  C(Xj^,t  )   then  u  >  u'   in  ^Cx^jt^). 

If  u    >  u'   in  C(x  ,t  )  and  f '   is  Lipschitz  continuous,  then  u  >  u' 
ooo'o 

in  C(x^,t^). 
Proof,     The  solution  u  satisfies  (8)   and  u'   satisfies 

(9)  u'   =  u'   +  L  f'(u'). 

o 

First  suppose  u  >  u'  in  C(x  ,t^).  Let  t,  be  the  least  value  of  t  at  which 

0     0        0   0  i. 

u'  -  u  in  C(x  ,t^)  and  let  x^  be  a  point  in  CCx^jt^)  at  which  u«(x^,t^)  =  u(x^,t^). 
Then,  upon  using  (8)  and  (9)  at  x,,t,  and  subtracting,  we  obtain 

(10)  0  =  u^(x3^,t^)  -  u^CXj^jt^)  +  L[f(u)  -  f(u')]. 

The  expression  u^(x^,tT|_)  -  u^(x^,t^)  in  (10)  is  positive  by  hypothesis.  The 
teiTO  L[f(u)  -  f»(u')]  is  non-negative.  To  see  tLis,  note  that  the  integral  in  L 
extends  over  the  cone  C(x,,t-, )  which  lies  within  C(x^,t^)  and  in  the  half-space 
t  <  t, .  But  in  this  region  u  >  u»,  from  the  definition  of  t^^  and  from  the  fact  that 
initially  u  =  u  >  u'  =  u'.  Thus  the  right-hand  side  of  (10)  is  the  sum  of  a  positi 

0     0 

and  a  non-negative  terra  and  cannot  be  zero.  This  contradiction  shows  that  t, 
does  not  exist.  Since  initially  u  >  u«,  this  inequality  holds  throughout 
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C(x  ,t  ).     Thus  the  fir^t  half  of  the  theorem  is  proved. 

0   0 

To  prove  the  second  half  of  the  theorem,  we  denote  by  t,  the  greatest 
lower  bound  of  the  values  of  t  for  which  u(x,t)  <  u'(x,t)  in  C(x  ,t  ).  Let  x,, 
t-.  +  6,  with  €  sufficiently  small,  be  a  point  in  C(x  ,t  )  at  which 
u(x,,t,+e)  <  u«(x,,t,+c).  Then  from  (8)  and  (9)  we  obtain  instead  of  (10) 

(11)  u(x^,t3^+c)  -  u'(x^,t^+e)  =  u^  -  u^  +  L[f(u)  -  f'(u')]. 

The  term  u     -  u'   is  non-negative  by  assumption.     The  integral  operator  L  may  be 
split  up  into  an  integral  from  t«0  to  t"t,  and  one  from  t  =  t.,   to  t"  t,+6.     The 
first  integral  is  non-negative  by  the  definition  of  t,    and  the  properties  of 
f,  f '   and  L.     The  second  integral  may  again  be  split  into  two  parts,  one  over 
the  region  where  u  >  u'   and  the  other  over  the  iremainder.     To  estimate  the  last 
integral  we  note  that 

(12)  f(u)  -  f'(u')  =   [f(u)  -  f'(u)]   +   [f'(u)  -  f'(u')]. 

The  first  term  on  the  right  is  non-negative  by  hypothesis.  Thus  we  can  finally 
rewrite  (10)  as 

t,+e 

(13)  u-u'  =  b  +   L  [f'(u)  -  f'(u')]. 

Here  b  >  0  denotes  the  sum  of  the  four  non-negative  terms  which  we  have  considered 

t^+e 
on  the  right  side  of  (11)  and      L      denotes  the  integral  operator  extended  from 

h 

t  =  t-  to  t  ■  t-,+e  over  that  part  of  the  region  where  u  <  u'.  Since  f*  is 
Lipschitz  continuous,  we  may  estimate  the  integral  by 

(lU)    L  [f  (u)  -  f'(u')]  >  6K(u-u')^jj. 
*1 

Here  K  is  a  positive  constant  proportional  to  the  Lipschitz  constant  of  f '  and 
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(u-u')  .  is  the  minimum  value  of  u-u'  in  the  retrograde  cone  C(x.,t,+c), 
t  >  t, ,  We  now  choose  6  so  small  that  eK  <  1  and  then  apply  (13)  to  that 
point  in  C(x.,t-,+c)  at  which  u-u'  achieves  its  minimum.  Then  we  obtain 

(15)       (^-^'Un^^*  ^(^-^'W- 
Thus 

This  consequence  is  contrary  to  the  assumption  that  u-u'  is  negative  in  C(x,,t,+6), 
Thus  t,  does  not  exist  and  the  second  half  of  the  theorem  is  proved. 

It  is  to  be  observed  that  the  comparison  theorem  also  holds  for  solutions 
of  the  more  general  Cauchy  problean  in  which  Cauchy  data  are  prescribed  on  some 
space-like  surface  S,  rather  than  on  t  =  0.  In  this  case  (8)  still  applies, 
the  domain  of  integration  in  L  being  that  portion  of  the  retrograde  cone  lying 
above  S  (i.e.  on  the  same  side  of  S  as  the  vertex).  The  solution  u  is  given 
by  formulas  similar  to  the  first  two  terms  in  (5)-(7). 

An  immediate  consequence  of  the  comparison  theorem  is 

Corollary  I.  If  for  |x-x  |  <  a  the  initial  data  satisfy 

n-lJ    0(x)  >  ?f'(x),  Y(x)  >  Y'(x) 

n=2,3:  0(x)  -  0'(x),  T(x)  >T'(x). 

then  u(x,t)  >  u'(x,t)  in  C(x  ,a/c). 
Proof.  We  use  the  above  hypotheses  in  the  explicit  expressions  for  u  which 
are  given  in  (5)-(7).  We  then  see  that  u  (x,t)  >  u'(x,t)  for  x,t  in  C(xQ,a/c). 
The  corollary  then  follows  from  the  comparison  theorem. 

To  apply  the  corollaiy,  suppose  that  J^'(x)  ■  a,  Y' (x)  «  p  for  |x-x^|  <  a, 
where  a  and  p  are  constants.  Then  we  can  find  a  solution  u'(x,t)  ■  u»(t)  which 
is  independent  of  x  in  C(x  ,a/c).  For  this  solution  (l)-(3)  become 

(17)     u^^  »  f'(u'), 
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(18)  u'(0)  =  a 

(19)  u^(0)  -  p. 

Thus  in  this  case  u(x,t)  is  bounded  below  in  C(x  ,a/c)  by  u'(t).  If  the 
inequalities  in  Corollary  I  and  in  the  Comparison  Theorem  were  all  reversed,  or  if 
primed  and  unprimed  quantities  were  interchanged,  then  u(x,t)  would  be  bounded 
above  by  u'(t). 

This  application  of  Corollary  I  can  be  summarized  in 

Corollary  II.  If  for  |x-x  |  <  a  the  initial  data  satisfy 
n»l:    0{x)  >  a,   Y(x)  >  p 
n=2,3:  0(x)  »  a,  T(x)  >  p 

then  u(x,t)  >  u'(t)  in  C(xQ,a/c),  where  u'(t)  satisfies  (17)-(19). 
If  the  inequalities  in  the  hypotheses  are  reversed  then  the  inequality 
in  the  conclusion  is  also  reversed,  that  is,  u(x,t)  <  u'(t). 
To  obtain  the  explicit  solution  for  u'(t)  let  us  first  consider  the  case 
z 


(20)     P  >  0,  p^  +  I  f  •(s)ds  >  0  for  z  >  a. 


a 


Then  the  solution  is  given  by 

u'      z 
(21)      t  »  f  [p2  +  rf(s)ds]-^/2dz,     t  >  0. 


If  the  integral  in  (21)  converges  to  a  finite  value  T  as  u»  ->  oo,  then  u* 
becomes  infinite  at  t  «•  T,  where 

00       z 
(22)      T-|  [p2.  rf.(s)ds]-l/2^z. 
a       a 

When  the  hypotheses  of  Corollary  II  are  satisfied,  the  conclusion  u  >  u» 
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shows  that  u  also  becomes  infinite  at  sane  value  of  t  <  T,  provided  T  <  a/c. 
Furthermore,  u  becomes  Infinite  in  C(x  ,T),  as  we  see  by  replacing  a  by  cT  in 
the  corollary. 

Suppose  that  instead  of  (20)  we  have  the  case 

z 

•'(s)ds  >  0   for  z  >  u  . 

m 


(23)      P  <  0,    P^  *  I  f '(s)ds  >  0   for  z  >  u^. 

a 


Here  u '   is  the  largest  root  (<  a)  of  the  equation 
m 

(2ii)  p    +  f'(s)ds  -  0,  u;^  <  a. 

□ 

Then  the  solution  is  given  by 


m 


u'      z 

(25)      t  -  -  J  [p2  +  rf.(s)ds]-^/^d 


z,    0  <  t  <  t  , 

}  -   -  m' 


{u'  z 

fp^  +  I  f'(s)ds"l'-'-/^dz,   t  >  t^, 

u»  a 
m 

The  quantity  t^^^  is  defined  by 

u»  z 

(2-?)  t.--/'"[p'*Jr'(=)ds]-i/2dz. 


a  a 


As  before  u-  becomes  infinite  at  t  =  T  if  the  integral  in  (26)  converges 
to  the  value  T,  and  then,  by  Corollary  II,  u  also  becomes  infinite  if  T  <  a/c. 
Here  T  is  given  by 


00 

(28)      T  =  t 


'm*   f   [P^*  ff'(s)ds]-^/2dz. 
m 
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We  s\nninarize  the  above  results  in 

Theorem  1»  Let  u  be  a  solution  of  (l)-(3).  Suppose  there  exists 
a  Lipschitz  continuous  function  f'(u')  and  two  constants  a  and  p 
such  that 

f(u)  >  f'(u')   for  u  >  u», 

n»l:    0(x)  >  a,   Y(x)  >  p     for  |x-x^I  <  cT, 
n=2,3:  0(x)  =  c,   Y(x)  ^  p     for  |x-x^|  <  cT, 
and  such  that  (2Ci)  is  satisfied  and  the  integral  in  (22)  converges  or 
(23)>  (2U)  are  satisfied  and  the  integral  in  (28)  converges.  Then  u 
becomes  infinite  in  C(x  ,T), 

Here  T  is  given  by  (22)  or  (28)  according  as  p  >  0  or  p  <  0. 
Remarks ; 

1.  If  f«  is  positive  and  T(x)  >  p  =  0  then  (20)  is  satisfied. 

2.  If  f  =  ©(u-"-**),  6  >  0  as  u  ->  +00  then  the  integrals  in  (22)  and  (28) 
converge, 

3.  Suppose  that  n  ■  1,  that  (20)  is  satisfied,  that  the  integral  in  (22) 
converges  and  that  ^{x)  >  a   for  all  x.  Then  the  condition  0(x)  ^  a  for 

|x-x  I  <  cT  is  satisfied  and  the  theorem  applies.  Only  if  0{x)   ->  -oo  is  it 
possible  that  this  condition  be  violated,  in  which  case  the  theorem  would  not 
apply. 

U.  since  T  increases  as  a  and  p  decrease,  the  best  result  (i.e.  least 
value  of  T)  is  obtained  when  the  largest  possible  values  of  a  and  p  are  used. 

5.  If  f  >  0  it  follows  from  the  comparison  theorem  that  u  >  u  .  By  a 

proof  similar  to  the  proof  of  that  theorem  it  follows  that  if  u  >  m  in  C(x  ,t  ) 

and  if  f(u)  >  0  for  u  >  m  then  u  >  u^  in  C{x^,t^),     Consequently  if  f»(u«)  >  0 

for  u'  >  m'  and  if  u'  >  m'  in  C(x^,t^)  it  suffices  for  the  above  theorem  that 

-  o'  o 

f(u)  >  f'(u')  for  u  >  u'  >  m'.     If  a  >  m'  then  u'  >  m'  in  C(x  ,t  ). 

6.  If  f'(u')  is  non-decreasing  the  condition  f(u)  >  f'(u')  for  u  >  u» 
follows  from  the  simpler  condition  f(u)  >  f'(u). 
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3.  The  nonlinear  Euler-Poisson-Darbotix  equation 

Let  us  now  consider  a  solution  u  of  the  nonlinear  eqiiation  (U)  which 
satisfies  the  initial  conditions  (2)  and  (3).  We  will  deal  with  two  space 
dimensions  (n=2)  and  suppose  that  k  >  1  in  (U)  and  Y  f  0  in  (3).  Then^  as  in 
the  previous  case,  the  solution  formula  for  the  linear  equation  yields  a  nonlinear 
integral  equation  for  u.  The  solution  formula,  which  has  been  determined  by 
J.B.  Diaz  and  G.S.S,  Ludford,  is  (cf.  [3],  equations  (23), (Ul).  The  sign  of 
their  integral  is  incorrect  in  (3?)  and  (hi).) 

(29)   u(x,t)  =  u^(x,t)  +  ^  j  dt^   Jj   V(6,t,tg)f  u(x+ac[t-tJ,tQ)Jdadp. 

In  (29)  u     is  the  solution  of  the  initial-value  problem  when  f  2  0,  a  denotes  the 

2  2  2 

vector  (a,p),   5     -a     +  p     and  V  is  given  by 

(30)    v(6,t,t^)  -  ^  ^°  ^'^° — -  n^  ,  |,  \,  z). 


(l-62)l/2[(tn^)2.e2(t.t,)2]k/2 


Here  F  is  the  hype rgeorae trie  function  and 
(31)     z  -   ^  -  ^^ 


*^*o^   ,2 
-  o 


t-t^^ 

o 
Since  0  <  t     <  t  and  0  <  6     <  1  it  follows  that  0  <  z  <  1.     For  this 

range  of  z  and  for  k  >  1  the  hj^pergeometric  function  F  in  (30)  is  non-negative. 

This  follows  at  once  from  the  series  for  F"-^*^*^*   U;J^     Therefore  V  is  also 

non-negative  and  the  integral  operator  in  (29)  has  a  non-negative  kernel.     Since 

(29)  can  be  written  in  the  form  (8)  with  a  non-negative  integral  operator  L, 

and  the  integration  extends  over  the  same  cone  C(x,t)  as  in  the  previous  case, 

the  comparison  theorem  again  applies.     In  the  statement  of  this  theorem  for 
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solutions  of  (2)-(U)  with  n-2  and  k  >  1  it  must  be  specified  that  T(x)  -  T«(x)  =  0, 

The  solution  u  of  the  initial-value  problem  when  f  =  0  was  found  by 
A.  lifeinsteln^-" .  It  is 


(32) 


u^(x,t)  =  —^   j)   (Z((x+act,y*pct)(l-<i^-p^)^  dadp, 
2  2 


a  +P  <1 
where 

(33)    co^  -  2n'"/V  p  (|). 

From  (32)  it  follows  that  if  0(x)  >  0*(x)  for  Ix-x^l  <  a  then  u^  >  u^  in 

C(x  ,a/c).  Furthennore  if  0'(x)  ■  a  for  |x-x  |  ^  a  then  in  C(x  ,a/c)  both  u' 

and  u'  are  functions  of  t  only.  The  equation  (U)  satisfied  by  u'(t)  in 

C(x  ,a/c)  then  becomes 
o 

The  initial  conditions  (2), (3)  are 

(35)    u'(0)  -  a,  u^(0)  =  0. 

Upon  combining  these  results  with  the  comparison  theorem  we  have  the 


Corollary  III.  Let  u  be  a  solution  of  (2)-(U)  with  n=2,  k  >  1 
and  Y  5  0,  0(x)  >  a  for  Ix-x^l  <  a.  Let  f'(u')  be  a  Lipschil 
continuous  function  such  that  f(u)  >  f'(u')  whenever  u  >  u'. 
Then  u(x,t)  >  i 
(3U)  and  (3$). 


and  Y  5  0,  0(x)  >  a  for  Ix-x^l  <  a.  Let  f'(u')  be  a  Lipschitz 

It 
Then  u(x,t)  >  u'(t)  in  C(x  ,a/c)  where  u'(t)  is  the  solution  of 


We  have  previously  shownL  J  that  the  solution  u'  of  (3U)  and  (35) 

becomes  infinite  at  a  finite  value  of  t  -  say  T  -  provided  that  f'(u')  >  0  and 

that  the  integral  in  (22)  converges.  If  T  <  a/c  then  the  solution  u  considered 

in  Ck5rollary  III  also  becomes  infinite  in  C(x  ,T).  If  f  is  nondecreasing  then 

T^  can  be  estimated  by 
o 


-  11  - 


(36)  T  <  T    <  >1c+T  T. 


o 


Here  T  is  given  by  (22)  with  p  »  0. 

We  may  summarize  this  result  in 

Theorem  2.     Let  u  be  a  solution  of  (2)-(U)  with  n»2,  k  >  1,  and 
f(x)  -  0,  0(x)  >  a  for  |x-x  |  <  a.     Let  f'(u»)  be  a  positive 
Lipschitz  continuous  function  such  that  f(u)  >  f'(u')  whenever 
u  >  u'   and  such  that  the  integral  in  (22)  converges.     If  T    <  a/c 
then  u(x,t)  becomes  infinite  in  C(x^,T  ). 

The  remarks  following  Theorem  1  also  apply  here. 
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